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Open access under CC BYLaser-generation of ultrasound is investigated in the coupled dynamical thermoelasticity in the presented
paper. The coupled heat conduction and wave equations are solved using ﬁnite differences. It is shown
that the application of staggered grids in combination with explicit integration of the wave equation
facilitates the decoupling of the solution and enables the application of a combination of implicit and
explicit numerical integration techniques. The presented solution is applied to model the generation of
ultrasound by a laser source in isotropic and transversely isotropic materials. The inﬂuence of the cou-
pling of the generalized thermoelasticity is investigated and it will be shown, that for ultra high fre-
quency waves (i.e. 100 GHz) generated by laser pulses with duration in the picosecond range, the
thermal feedback becomes considerable leading to a strong attenuation of the longitudinal bulk wave.
Moreover, the coupling leads to dispersion inﬂuencing the wave velocities at low frequencies. The
numerical simulations are compared to theoretical results available in the literature. Wave ﬁelds gener-
ated by a line focused laser source are presented by the numerical model for isotropic and for trans-
versely isotropic materials.
 2012 Elsevier B.V. Open access under CC BY-NC-ND license. 1. Introduction
Experimental application of laser-generated ultrasound in sol-
ids has a long and successful history. It has been extensively used
in experimental acoustics in the past decades since it enables con-
tactless excitation of different elastic waves, such as bulk, surface
or guided waves. In search of better understanding and optimiza-
tion of the generation mechanism, the modeling by a thermoelastic
source has attracted great attention from the very beginning of the
experimental application. Thus, the generation process is described
by the coupled heat and wave equations, whereby various coupling
terms are taken into account. One of the earliest work [1] has intro-
duced a point-source representation of the thermal expansion as
the so-called surface center of expansion. The corresponding elas-
tic problem was solved by a spatial–temporal integral transform.
Similar solutions have been pursued also by later authors applying
an equivalent dipole loading in a pure elastic problem [2] or inves-
tigating the inﬂuence of the thermal diffusion on the generated
bulk longitudinal wave [3]. These solutions have been extended
to layered media [4] and to line sources in isotropic and
transversely isotropic media [5,6]. For such analytic solutions,
however, certain simpliﬁcations are required, such as a step-like).
-NC-ND license. temperature rise with a point or line spatial distribution for the
surface heating. In general cases with more realistic distributions
of the heat ﬂux the inverse integral transforms remain a great chal-
lenge and consequently numerical inversion techniques were pur-
sued. This approach was applied to investigate epicentral
waveforms in [3,7,8], the generation process by line focused
sources [9] or the inﬂuence of the hyperbolic term in the heat con-
duction equation [10]. Simpliﬁcations in the numerical inversion
techniques are, however, controversial [11]. An alternative way
to solve this coupled problem is shown in [12,13] using the reci-
procity theorem with applications to a half space and plates.
Within laser ultrasonics the coupling of the heat and wave
equations is due to thermal expansion leading to a semi-coupled
problem. In the generalized thermoelasticity, however, also the
thermal feedback of the propagating stress pulses is included,
hence, the problem becomes fully coupled and both thermal and
elastic waves arise [14]. Moreover, the coupling of the two ﬁelds
inﬂuences the elastic wave velocities leading to additional disper-
sion and strong attenuation of the waves in isotropic [15,16] or in
anisotropic media [17,18]. Although, the inﬂuence of the coupling
on the wave velocity remains limited [15] the attenuation of pulses
increases with frequency and it will be shown, that for laser pulses
with duration of picoseconds or less the excited waves posses ultra
high frequencies (100 GHz) whereby this attenuation becomes
considerable.
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have been rarely pursued to model laser-generation, though they
offer a greater ﬂexibility in their applications. A combination of
an implicit-explicit ﬁnite difference technique has been applied
in the one dimensional case to investigate the generation of bulk
longitudinal waves [19] using the so-called magic time step [20].
The laser-generation of surface waves and bulk waves in coated
and uncoated half spaces have been investigated using the ﬁnite
element method in [21,22]. This solution applies a direct integra-
tion technique, though, the transient response could also be ob-
tained by a combination of an Eigenvalue decomposition of the
homogeneous equation and a harmonic analysis with an inverse
Fourier-transform [23]. Numerical solutions are also capable to
introduce full coupling as it was shown in [24] where a time do-
main ﬁnite element method was applied to study second sound ef-
fects due to heat propagation.
In the presented work laser-generation of ultrasound is investi-
gated in the coupled dynamical thermoelasticity. In the presented
numerical solution with staggered grids the two sets of equations
decouple and therefore a combination of implicit and explicit ﬁnite
difference techniques are applied. The hyperbolic heat conduction
equation is solved by the implicit Wilson H integration technique
and the wave equations by the explicit Euler method. Due to the
combination of implicit and explicit techniques the same spatial
and temporal discretisation are used for both sets of equations
whereby the numerical efﬁciency remains high through the appli-
cation of the explicit integration for the wave equation. The inﬂu-
ence of coupling is investigated for line-focused pulsed laser
sources with various pulse rise times. It will be shown, that for ul-
tra high frequency waves (100 GHz) the thermal feedback be-
comes considerable through strong attenuation. Moreover, the
coupling increases the wave velocities for lower frequencies by
introducing dispersion. Wave ﬁelds generated by the line focused
laser source are presented by the numerical model for isotropic
and also for transversely isotropic materials.2. Governing equations
The governing equations of the generalized thermoelasticity in
the linear elastic case are given by the coupled heat conduction and
wave equations describing the coupling of displacement and tem-
perature ﬁelds. In the presented work a 2D case with plane-strain
boundary conditions is investigated, which is a good approxima-
tion of a line-focused laser source [9]. The hyperbolic heat conduc-
tion equation is given as:
K
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where T denotes the temperatures, K the thermal conductivity, cv
the speciﬁc heat of the material at constant deformation, s the
material relaxation time, T0 the reference temperature, q the exter-
nal heat ﬂux, q the density, exx; eyy the normal strains and bxx;byy the
thermal moduli. The wave equations are given as:
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where ux, uy denotes the displacement components and rxx;ryy;rxy
are the stress components. In the presented work we consider an
orthotropic material law with nine independent elastic constants
and Hooke’s law is replaced by the Duhamel–Neumann equations[25, p. 421–422] for the linear elasticity, which considers the effect
of thermal expansion:
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According to the assumed orthotropy, the linear thermal expan-
sion is described by three independent constants axx;ayy;azz with
three independent thermal moduli bxx; byy; bzz [26, p. 25–26]. The
thermal moduli bxx; byy; bzz relate the stiffness matrix and the linear
thermal expansion coefﬁcients axx;ayy;azz as:
bxx ¼ C11axx þ C12ayy þ C13azz;
byy ¼ C12axx þ C22ayy þ C23azz;
bzz ¼ C13axx þ C23ayy þ C33azz:
ð7Þ
The heat conduction equation in Eq. (1) is given with its hyperbolic
form, which assumes a ﬁnite heat propagation speed ce, commonly
approximated as ﬁve to ten times the longitudinal wave velocity cl
[9,10]. Here, we will assume that ce = 5cl which leads to the follow-
ing thermal relaxation time [10]:
s ¼ K
qcvc2e
¼ K
25qcvc2l
: ð8Þ
Although the hyperbolic term in the presented heat equation be-
comes signiﬁcant only for laser heating with duration in the fs–ps
range, the validity of this equation for such ultrashort heating has
been questioned [27]. During the heating process the free electrons
absorb the radiated energy leading to a subsequent heating of the
metal lattice through collisions. This non-equilibrium heating pro-
cess is described by the two-temperature model [27] which assigns
different temperatures to the electrons and to the lattice. According
to previous results [19,27] this effect becomes signiﬁcant for heat-
ing shorter than 1 ps (assuming room temperatures). To avoid
implications by this effect we will restrict our investigations to
cases where the laser heating is signiﬁcantly longer than 1 ps;
hence, the shortest pulse duration considered in the following is
20 ps.
2.1. Explicit–implicit ﬁnite difference approximation of the coupled
equations
The spatial discretisation of the two sets of equations in Eqs.
(1)–(6) is done with ﬁnite differences using staggered grids. Hence,
the temperature, displacement and stress components are discre-
tised on different grids which are shifted by a half cell in one or
in both directions, according to Fig. 1. The grids of the tempera-
tures and normal stresses are identical and the grids of the dis-
placements and shear stresses are shifted by a half grid
dimension (Dx=2;Dy=2).
The presented form of the coupled equations with stresses as
additional variables (heterogenous solution [28,29]) is extensively
applied in numerical solutions [19,30,31] since it requires only the
ﬁrst spatial derivatives to be discretised in the wave equation. The
heterogenous, staggered grid formulism leads to further advanta-
ges in the investigated case due to decoupling of the discretised
solution, as will be discussed later. Further details of discretisation
with ﬁnite differences on staggered grids are not presented here,
they can be found in [30–32], for example. Stress free boundary
conditions to the wave equations and adiabatic boundary condi-
tion to the heat conduction equation are applied [19] and due to
Fig. 1. Staggered grid for the discretisation of the coupled thermoelastic equations.
The temperatures T and the normal stresses rxx, ryy are discretised on an identical
grid; the grids of the displacements ux, uy and shear stresses rxy are shifted by a half
cell dimensions Dx=2;Dy=2.
1 Isotropic aluminum is assumed with density q and bulk wave velocities ðcl; csÞ
given as q = 2700 kgm-3, cl = 6119 ms-1 and cs = 3103 ms-1. The thermal properties are
given as a = 2.3  10-5 K-1, K = 160 WmK-1, cv = 897 J kgK-1 [9].
2 The material properties of zinc are assumed to be hexagonal (transversely
isotropic) given with density and elastic constants as q = 7140 kgm-3, c11 = 62.8 GPa,
c12 = c13 = 52.32 GPa, c22 = c33 = 163.54 GPa, c23 = 36.15 GPa, c44 = c55 = 38.68 GPa and
c66 = (c22-c23)/2 [34]. We assume different linear thermal expansion coefﬁcients along
the a and c axis of the crystal given as axx ¼ azz ¼ 6:1 105;ayy ¼ 1:5 105. The
thermal properties are given as K = 113 WmK-1, cv = 387 J kgK-1 [35].
3 For aluminum the discretisation corresponds to totally 678  1356 cells, or
2:77 106 DOF, with cell dimensions of Dx = 8.86 nm and Dy = 4.43 nm; for the zinc
the discretisation is 698  1394 cells, or 2:92 106 DOF, with cell dimensions of
Dx = 8.62 nm and Dy = 4.31 nm.
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using symmetric boundary conditions:
ux ¼ 0; @uy
@x
¼ 0; at x ¼ 0: ð9Þ
The spatially discretised equations could be written in the fol-
lowing matrix form:
M€nþ C _nþ Kn ¼ f ð10Þ
where M, C, K are the coefﬁcient matrices. The vectors n and f are
given as:
n ¼
T
ux
uy
264
375; f ¼ qd1xrxx þ d1yrxy
d1yryy þ d1xrxy
264
375: ð11Þ
where q denotes the heat ﬂux and d1x ; d
1
y are the ﬁrst order ﬁnite dif-
ferential operators in x and y directions, respectively. The nodal
temperatures T, displacements ux;uy and stresses rxx;ryy;rxy are
collected in vectors. The coefﬁcient matrices M, C, K are given as
follows:
M ¼
sE s bxxT0qcv d
1
xE s byyT0qcv d
1
yE
0 qE 0
0 0 qE
2664
3775; ð12Þ
C ¼
E  bxxT0qcv d
1
xE  byyT0qcv d
1
yE
0 0 0
0 0 0
264
375; ð13Þ
K ¼
B 0 0
0 0 0
0 0 0
264
375; ð14Þ
where E denotes the identity matrix and B is a coefﬁcient matrix gi-
ven in Appendix B. Due to the heterogeneous formulism in Eqs. (2)–
(6) the discretised heat and wave equations are effectively decou-
pled and could be treated separately. Using a homogeneous solu-
tion, i.e. by inserting Eqs. (4)–(6) into Eqs. (2) and (3), off-diagonal
elements would appear in K leading to a fully coupled set of equa-
tions. In the current uncoupled case the wave equation is discre-
tised by the conditionally stable, explicit Euler-method; therefore,
the displacements in the (n+1)th time step are explicitly solved as
a function of the displacements u and stresses r in previous time
steps [30–32], as given in Appendix A.
Eq. (10) reduces therefore to the heat equation:sE€Tþ E _Tþ BT ¼ q T0
qcv
bxx _xx þ s€xxð Þ þ byy _yy þ s€yy
  
; ð15Þ
where the coefﬁcient matrix B is given in Appendix B. The strains
appear on the right side of the equation as a ’’thermal load’’ since
they are calculated from the explicitly (and independently) inte-
grated wave equation.
A conditionally stable, explicit, time domain discretisation of
Eq. (15) would require a much smaller time step than the one used
in the wave equation. Unconditionally stable, implicit integration
techniques, such as theWilsonHmethod [33, p. 777] are available,
and they enable the use of the same temporal and spatial discret-
isation as in the wave equation. Eq. (15) is therefore integrated by
the Wilson H method [33, p. 777], described in Appendix C.
During the numerical solution, Eq. (15) is evaluated by the Wil-
sonH method (Appendix C) and the resulting temperature ﬁeld is
applied in the wave equation as excitation. The wave equation is
than solved explicitly (Appendix A). Due to the two coupling terms
(thermal expansion and thermal feedback) both sets of equations
are updated in every time step.3. Numerical examples
The discretised equations are applied to simulate the generation
process by a pulsed laser with a pulse rise time of 20 ps. In the sim-
ulations an isotropic aluminum alloy1 and a transversely isotropic
zinc2 are investigated within an area of 6 lm  6 lm3. In the simu-
lation for zinc the free surface of the half space coincides with the
isotropic plane of the crystal; hence the modeled plane is perpendic-
ular to it. The reference temperature will be assumed as T0 ¼293K.
Zinc has a lower reﬂectivity than aluminum; for a better comparison,
however, we assume that the same amount of heat is absorbed at the
surface of the material in both cases and we assume a reﬂectivity of
0.95 (5% of the pulse energy is absorbed) for both materials.
3.1. Excitation – surface heat ﬂux
During the irradiation of a metallic surface with a short laser
pulse the electromagnetic waves penetrate a thin skin close to
the surface (in the range of 10 nm [36]) which could be modeled
as a volume heating or approximated as a surface ﬂux [9]. In the
current work the half width of the applied laser source (1 lm)
is much larger than the penetration depth and the surface ﬂux
approximation will be applied. A suitable spatio-temporal pulse
shape is given as a Gaussian pulse [9,23]:
f ðx; tÞ ¼ A 16t
3
t4R
ﬃﬃﬃﬃﬃﬃ
2p
p e2t
2
t2
þ2x2
R2 ; ð16Þ
where t and R denote the temporal and spatial half widths of the
pulse, respectively, and A is the magnitude of the pulse. To obtain
realistic results we consider 50 lJ pulse energy focused to a line
with a length of L = 10 mm and a width of 2R = 2 lm; in combina-
tion with the reﬂectivity this leads to an amplitude of A = 125 Jm-2.
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simplest orthotropic material law was assumed with thermal and
material properties independent of the temperature. Temperature
dependent thermophysical parameters using linear temperature
terms were incorporated in [21] for aluminum using the same
reﬂectivity of 5% as in the current work. The investigation has
shown that with incident irradiation energy densities in the range
of 10 kJm2 (3.5 mJ pulse energy with a spot radius of 300 lm) this
effect is negligible; for higher energy densities in the range of few
hundred kJm2, however, it becomes signiﬁcant and the generated
waveforms are strongly distorted. In our case the energy density is
2.5 kJm2, hence we neglect the temperature dependence of the
thermophysical parameters.0 1 2 3
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Fig. 3. (a) Time domain signals on the epicentral axis with the quasi longitudinal
wave (precursor) for zinc (solid line) and longitudinal bulk wave for aluminum
(dotted line), generated by a 20 ps laser pulse. (b) Fourier-transform of the signals,
with frequency contents up to 100 GHz. (c) Waveforms on the epicentral axis for
both materials. (d) Comparison of three discretisations for aluminum to test the
convergence of the technique.3.2. Validation, convergence
The numerical technique was validated by evaluating the dis-
persion relations of the generated bulk longitudinal waves along
the epicentral axis in the uncoupled case. The spatio-temporal Fou-
rier transform of the simulated data is shown in Fig. 2. The corre-
sponding theoretical wave velocity for the uncoupled case in
aluminum is given as cAll ¼ 6119 ms1 and the quasilongitudinal
wave velocity in zinc as cZiQL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C33q1
p ¼ 4785 ms1. The theoret-
ical dispersion relations are marked with circles and show an al-
most perfect agreement with the simulation. In the isotropic case
the theoretical and simulated results agree well up to 100 GHz,
though, for zinc the curve starts to deviate at 100 GHz as a con-
sequence of the numerical dispersion.
To evaluate the frequency content of the generated bulk longi-
tudinal wave, time domain signals on the epicentral axis are cap-
tured, shown in Fig. 3a. The sharp, positive peaks in the signals
are the generated bulk waves (or quasi longitudinal wave in zinc),
often described as the precursor. The generated wave in zinc has a
larger amplitude as the result of the higher linear thermal expan-
sion coefﬁcient of zinc along the c axis of the crystal. The frequency
contents of these pulses are evaluated by a temporal Fourier trans-
form (Fig. 3b) after multiplication with a Hanning window. The ex-
cited frequency spectrum in Fig. 3b reaches above 100 GHz in both
cases, whereby the corresponding wavelengths are K  50–60 nm.
The full width at half maximum is, however, much higher for alu-
minum (35 GHz vs. 20 GHz in zinc). Spatial counterparts of the
time domain signals are shown in Fig. 3c as epicentral wave forms
(displacements on the epicentral axis) for both materials.
For numerical simulations it is convenient to investigate the
convergence or in case of transient solutions the inﬂuence of
numerical dispersion [20], which is crucial for broadband pulses.
The simulation in the isotropic case was repeated with three differ-
ent discretisations for the same simulated area. For the original2000 100
f [
GH
z]
2000 100
0
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100
50
ky ]mµ/1[ ky [1/µm]
(a) (b)
ZincAluminum
0
1
Fig. 2. Validation of the simulations utilizing the generated bulk longitudinal wave
for aluminum (a) and the quasi longitudinal wave in zinc (b). The circles denote the
theoretical dispersion relation.simulation the vertical dimension of the cell (the propagation
direction of the bulk wave) was chosen as Dy = 4.43 nm. For com-
parison, simulations with Dy = 7.7 nm and Dy = 12.9 nm were
done (keeping the aspect ratio of the cell constant) and the dis-
placements on the epicentral axis were compared for aluminum
in Fig. 3d at t = 495 ps. In the original case the discretisation at
100 GHz (K  60 nm) corresponds to K=Dy ’ 14; for the additional
simulations this ratio is reduced to 8 and 5, respectively. The
presented displacements on the epicentral axis in Fig. 3d shows
strong numerical dispersion for the poorer discretisations, visible
due to the broadening of the pulse and the oscillation after the
main pulse. Hence, for the investigations of the thermal feedback
the originally chosen discretisation is sufﬁcient but also necessary.
This ratio is also in good correlation with the values suggested in
literature [30–32].3.3. Generated waveforms
First, we would like to visualize the generated waves in the near
ﬁeld, in the close vicinity of the source. The temperatures and the
generated wave ﬁelds are presented in Fig. 4 at three different
times. The upper row shows the results for aluminum, the lower
row for zinc. At 0.06 ns after excitation the bulk longitudinal
wave (quasilongitudinal mode for zinc) generated by the very
short light pulse is already visible for both materials. The surface
has already a large out-of-plane displacement due to the surface
heating. At 0.16 ns after excitation the bulk longitudinal wave
is well separated and a small compressed region becomes visible
between the expanding surface and the propagating bulk wave,
interpreted as the beginning of the surface wave. At 0.64 ns the
generated Rayleigh waves become visible for both materials, how-
ever, they are still not well-separated from the region where sur-
face heating and diffusion dominate; here, the vertically
expanding area below the surface heating is the result of the pres-
ence of the compressive, unipolar Rayleigh waves. Their shape is
clearly different in zinc as the result of the anisotropy. A compre-
hensive description of the generation process by a line focused la-
ser in isotropic medium is given in [9], therefore, in the following
we will focus on the effect of the thermal feedback.
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Fig. 4. Snapshots of the generation process through temperatures (left) and magnitudes of displacements (right) for aluminum (upper row) and zinc (lower row) for three
different times. At 0.06 and 0.16 ns after excitation the bulk wave is already visible. The generated Rayleigh wave becomes visible only after 0.64 ns.
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Coupling, or thermal feedback, is the result of volume changes
[37, p. 394], occured by normal strains. We expect the largest ef-
fect on the generated bulk longitudinal or quasilongitudinal
waves along the epicentral axis and focus our investigations on
these waves. A direct comparison of the displacements on the
epicentral axis in Fig. 5a and b for simulations with and without
thermal feedback shows a broadening of the pulses with a de-
crease in amplitude. Although, the effect is considerable for the
isotropic aluminum, it becomes stronger for zinc. This attenuationy [µm]
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Fig. 5. (a)–(b) Inﬂuence of the thermal feedback in the isotropic case (aluminum) and
epicentral axis at different times emphasizing the attenuation. (e) Time domain signals
signals in (e). (g) Inﬂuence of the thermal feedback on the generated Rayleigh waves. (h)
over frequency.is predicted in [37] as an effect of the thermal feedback. The
propagating stress wave results in a small thermal disturbance
along its propagation converting the mechanical energy into heat,
hence the observed attenuation. Attenuation of the pulses on the
epicentral axes are shown in Fig. 5c and d. In the simulation a
pulse width of 2 lm was applied, but this width is strongly wid-
ening for larger propagation depths (Fig. 4c) due to leakage into
the bulk. Hence, geometrical attenuation appears also for the
uncoupled cases. For the quasilongitudinal wave in zinc the inﬂu-
ence of the thermal feedback becomes particularly strong as
shown in Fig. 5d.(e)
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Fig. 6. Inﬂuence of the pulse rise time on the thermal feedback. (a) The attenuation
is decreasing with increasing pulse rise time and above approximately 100 ps
becomes negligible. (b) Normalized amplitudes of the generated pulses; the
deviation in the wave velocity remains. (c) Comparison of the inﬂuence of the
parabolic and the hyperbolic terms; the term from the classical theory dominates.
(d) Temperatures generated by the thermal feedback with different pulse rise times.
4 In this simulation the thermal feedback was neglected and the heat equation was
solved on a smaller area in a thermal window with 0.13  106 DOF. The discretisation
of the wave equation corresponds to totally 5.84  106 DOF with cell dimensions of
Dx = 12.4 nm and Dy = 12.4 nm.
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central axis in Fig. 5e. The Fourier transforms of these signals in
Fig. 5f reveal, that the attenuation is strongly frequency dependent,
visible for zinc, where the spectrum strongly narrows after 5.5 lm
propagation depth and frequencies over 40 GHz disappear. For
the surface waves (Fig. 5g) the inﬂuence is reduced, since the ex-
cited frequencies are considerably lower.
A further feature, visible in Fig. 5a and b, is the difference be-
tween the wave velocities in the coupled and uncoupled solutions.
This effect is predicted by theoretical results in the coupled ther-
moelasticity. In the isotropic case the dispersion relation for the
coupled longitudinal wave is given as [37, p. 394]:
C11  qc2 þ C11c ec þ ik Kqcv
¼ 0; ð17Þ
with : e ¼ b
2T0
C11qcv
;
where e denotes the thermoelastic coupling constant and C11 is an
element of the stiffness tensor. Although, the presented equation
is based on the parabolic heat equation, it approximates well the
heat conduction for the investigated frequencies. This non-linear
equation could be solved for the unknown phase velocity c by
setting k ¼ xc1. The roots are complex and choosing the root for
the elastic wave the dispersion relation could be evaluated
(Fig. 5h). The phase velocity in the coupled thermoelasticity is there-
fore higher than the pure elastic wave velocity (cl = 6119 ms-1) and
the waves are strongly attenuated, according to the negative
imaginary part of the wave velocity in Fig. 5h. It has been shown
[14,37], that the phase velocity is convergent for low and for high
frequencies:
lim
k!0
c ¼ cl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ eÞ
p
;
lim
k!1
c ¼ cl:
ð18Þ
The inﬂuence of the coupled thermoelasticity remains therefore
strong for both low and high frequencies. At low frequencies the
phase velocity is increased with low attenuation and at high fre-
quencies the phase velocity converges to the compressional wave
velocity but it is strongly attenuated. The difference in the wave
velocities in Fig. 5a is 55 ms-1, calculated from the different arri-
val times of the pulses, which is a good medium value for the the-
oretical variation of 20–80 ms-1 in Fig. 5h.
The thermal feedback in Eq. (1) is based on Kelvin’s formula [25,
p. 459] and governed by the strain velocity and the strain acceler-
ation, in our case:
_T ¼  T
qcv
bxx _exx þ s€exxð Þ þ byy _eyy þ s€eyy
  
; ð19Þ
whereby T denotes the absolute temperature as the sum of the ref-
erence temperature and the disturbance T ¼ T0 þ DT. Assuming
that T0  DT we obtain after integration:
DT ¼  T0
qcv
bxx exx þ s _exxð Þ þ byy eyy þ s _eyy
  
: ð20Þ
The generated temperatures by the mechanical feedback depend
upon the propagating strains and strain velocities which are a func-
tion of the frequency and therefore pulse rise time. This inﬂuence
was investigated for different pulse rise times (20 ps, 50 ps,
100 ps, 250 ps and 500 ps) keeping the pulse energy constant. The
results are shown in Fig. 6. Kelvin’s formula in Eq. (20) states that
the generated thermal feedback is governed by the strains. Hence,
for short pulses with very quick rise times the effect is stronger,
as shown in Fig. 6a. A better comparison is obtained by eliminating
the amplitude difference through a normalization as shown inFig. 6b. With increasing pulse width the attenuation decreases, as
predicted by the theory. Although, the attenuation from the thermal
feedback disappears above 100 ps pulse rise time, a difference of
5% between the amplitudes of the coupled and uncoupled solu-
tions remains such as the small time shifts between their arrival
times.
Although, the thermal feedback becomes signiﬁcant for the
20 ps pulse rise time, the hyperbolic term remains negligible in
the backward coupling, as shown in Fig. 6c by a comparison of
the two terms (ey; s _ey) of the thermal feedback in Eq. (20). Here,
the second term is magniﬁed by a factor of 50 for a better visibility.
The generated temperatures by the thermal feedback are pre-
sented in Fig. 6d; they remain below 4 K and strongly decrease
with increasing pulse rise time.
3.5. Surface waves and far ﬁeld
Finally, the generated far ﬁeld wave forms will be presented for
the isotropic and for the transversely isotropic materials generated
by the line focused laser source. Here, a larger area 30 lm  30 lm
was used in the simulations which is discretised by 2418  2418
cells.4 Numerical results represented by the vertical surface dis-
placements are shown in Fig. 7a and b. The generated Rayleigh
waves are unipolar with no attenuation, as expected. The small,
attenuating wave in front of the Rayleigh wave is usually assigned
to the longitudinal bulk wave, or ’’surface skimming longitudinal
wave’’ [9,38]. The magnitude of the displacements are shown in
Fig. 7c at t = 4.48 ns (aluminum) and t = 5.8 ns (zinc) after excitation.
Besides the generated bulk longitudinal (L) and shear waves (S) also
surface waves (R) are visible in aluminum. The longitudinal bulk
wave shows an almost cylindrical wave front in the isotropic case
with strongly varying pulse widths (and frequency content), as a
consequence of the ﬁnite width of the excitation. The wave with a
skewed angle to the surface is identiﬁed as the leaky-Rayleigh wave
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Fig. 7. Out-of plane surface displacements with Rayleigh and leaky-Rayleigh waves for aluminum (a) and for zinc (b). (c) Sections of the generated wave ﬁelds in the models
for aluminum (left) and for zinc (right). Besides the generated bulk longitudinal (L), quasi longitudinal (QL) and shear waves (S) also Rayleigh (R) and leaky-Rayleigh (LR)
waves are visible.
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ratio [39].
The wave forms in zinc are different due to the anisotropy. In
the transversely isotropic case in the investigated plane there exist
three different wave types [34]: quasi longitudinal (QL), quasi
transverse (QT) and pure transverse (PT) modes. In Fig. 7c the QL
and the QT modes could be detected. At the surface Rayleigh wave
is visible, whereby its shape strongly diverges from the isotropic
one. Similarly to the isotropic case, the longitudinal bulk wave is
disappearing in close vicinity of the surface therefore, the observed
surface wave is identiﬁed as a leaky-Rayleigh wave.4. Conclusion
Laser-generation of ultrasound in the coupled thermoelasticity
has been investigated in the presented paper by means of numer-
ical techniques. A numerical model, based on the ﬁnite difference
method has been introduced. As a result of the application of spa-
tially staggered grids the two sets of discretised equations are
decoupled, facilitating the use of a combination of explicit and im-
plicit temporal integration techniques. Here, the heat conduction
equation is integrated implicitly and the wave equation by an ex-
plicit technique. The number of the coupled linear equations is
therefore, only one-third of the total degrees of freedom of the sys-
tem. The model has been applied to investigate the inﬂuence of the
coupling (i.e. thermal feedback) on the propagating stress pulses
generated by picosecond laser pulses.It has been also shown, that the coupling inﬂuences the wave
velocities, by introducing dispersion into an originally non-disper-
sive system and the attenuation due to the coupling becomes
considerable for ultra-high frequency pulses (100 GHz). These re-
sult are in accordance with the theoretical results, which predict
dispersion and increased attenuation for elastic waves as a conse-
quence of the coupling. By varying the pulse rise time it has been
shown, that for bulk waves generated by pulses with rise time
longer than 100 ps the attenuation due to the coupling becomes
negligible. Although, the difference in the wave velocities between
the coupled and uncoupled cases remains also for longer pulses
with lower frequencies, in accordance with the theoretical
predictions.
In addition, the model has been applied to investigate the gen-
erated waveforms by line-focused pulsed laser sources in isotropic
and transversely isotropic media. Snapshots of the generated wave
ﬁelds were presented revealing the presence of bulk shear and lon-
gitudinal and surface waves. The presented results show the appli-
cability of numerical methods to solve and investigate the coupled
thermoelasticity with various coupling terms.
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Appendix A. Discretisation of the wave equation
Due to the decoupling of the spatially discretised Eq. (10) the
wave equation could be integrated by an explicit technique. For this
purpose the nodal temperature T, displacement ux;uy and stress
vectors rxx;ryy;rxy are rearranged into two dimensional arrays
according to their grids. The temperatures are given on a
ðmþ 3Þ  ðnþ 3Þ, the x displacement components on a ðmþ 2Þ
ðnþ 1Þ, the y displacement components on a ðmþ 1Þ  ðnþ 2Þ, the
normal stressesrxx;ryy on a ðmþ 1Þ  ðnþ 1Þ and the shear stresses
on a ðmþ 2Þ  ðnþ 2Þ grid.
The discretised stress components are given as [32]:i;jrnxx ¼
C11
Dx
i;junx þ iþ1;junx
 þ C12
Dy
i;juny þ i;jþ1uny
 
 bxxi;jTn; ðA:1Þ
i;jrnyy ¼
C12
Dx
i;junx þ iþ1;junx
 þ C22
Dy
i;juny þ i;jþ1uny
 
 byyi;jTn; ðA:2Þ
i;jrnxy ¼ C44
1
Dy
i;j1unx þ i;junx
 þ 1
Dx
i1;juny þ i;juny
 	 

; ðA:3Þwhere Cpq are the elements of the stiffness matrix. In the presented
notation the indices i, j (left-bottom) denote the spatial position on
the grid and the index n (right-top) the temporal step.
The unknown displacements in the (n+1)th time step are ex-
pressed explicitly as:
i;junþ1x ¼ 2i;junx  i;jun1x þ
Dt2
q
 1
Dx
i1;jrnxx þ i;jrnxx
 þ 1
Dy
i;jrnxy þ i;jþ1rnxy
 	 

; ðA:4Þ
i;junþ1y ¼ 2i;juny  i;jun1y þ
Dt2
q
 1
Dx
i;jrnxy þ iþ1;jrnxy
 
þ 1
Dy
i;j1rnyy þ i;jrnyy
 	 

: ðA:5Þ
The ghost points at the boundaries are evaluated by the correspond-
ing boundary condition [30–32].
Appendix B. Coefﬁcient matrix B of the heat equation
The coefﬁcient matrix B is a sparse, band matrix and it is given
with Ax ¼ KðcvqDx2Þ1;Ay ¼ KðcvqDy2Þ1 as following:bii ¼ 2ðAx þ AyÞ;
i ¼ mþ 5; . . . ;N  ðmþ 5Þ;
bij ¼ Ax;
i ¼ mþ 5; . . . ;N  ðmþ 5Þ;
j ¼ i 1;
bij ¼ Ay;
i ¼ mþ 5; . . . ;N  ðmþ 5Þ;
j ¼ i ðmþ 3Þ:
ðB:1ÞThe adiabatic boundary conditions are satisﬁed by the following
elements:bii ¼ 1;
i ¼ 2; . . . ;mþ 2; and
i ¼ N  ðmþ 1Þ; . . . ;N  1
i ¼ kðmþ 3Þ; k ¼ 1 . . . ;nþ 2;
i ¼ kðmþ 3Þ þ 1; k ¼ 1 . . . ;nþ 2;
bij ¼ 1;
i ¼ 2; . . . ;mþ 2;
j ¼ iþ 2ðmþ 3Þ; and
i ¼ N  ðmþ 1Þ; . . . ;N  1;
j ¼ i 2ðmþ 3Þ;
i ¼ kðmþ 3Þ; k ¼ 1 . . . ;nþ 2;
j ¼ i 2
i ¼ kðmþ 3Þ þ 1; k ¼ 1 . . . ;nþ 2;
j ¼ iþ 2:
ðB:2Þ
Although, the corner points are not used in the simulation, they are
calculated to complete thepicture as averages of theneighbor points:
bii ¼ 2;
i ¼ 1; and
i ¼ ðmþ 3Þ;
i ¼ ðmþ 3Þðnþ 3Þ;
i ¼ ðmþ 3Þðnþ 3Þ þ 1;
bij ¼ 1;
i ¼ 1;
j ¼ 3; j ¼ 2ðmþ 3Þ þ 1; and
i ¼ mþ 1;
j ¼ 3ðmþ 3Þ;
i ¼ ðmþ 3Þðnþ 3Þ;
j ¼ i 2; j ¼ i 2ðmþ 3Þ;
i ¼ ðmþ 3Þðnþ 3Þ þ 1;
j ¼ i 2; j ¼ i 2ðmþ 3Þ:
ðB:3ÞAppendix C. Wilson H integration of the heat equation
The spatially discretised heat equation is given as:
sE€Tþ E _Tþ BT ¼ q t;with : ðC:1Þ
t ¼ T0
qcv
bxx _xx þ s€xxð Þ þ byy _yy þ s€yy
  
;
Eq. (C.1) is integrated by theWilsonHmethod [33, p. 777], which is
brieﬂy summarized below.
First, the integration constants will be given with the parameter
H:
a0 ¼ 6ðHDtÞ2
; a1 ¼ 3HDt ; a2 ¼ 2a1;
a3 ¼ HDt2 ; a4 ¼
a0
H
; a5 ¼ a2H ;
a6 ¼ 1 3H ; a7 ¼
Dt
2
; a8 ¼ ðDtÞ
2
6
;
ðC:2Þ
whereby the parameter H is usually chosen as 1.4, which guaran-
tees an unconditionally stable integration.
For the integration an effective stiffness matrix bK and effective
loads q^ðnþHÞDt at time t þHDt are calculated as:bK ¼ sa0Eþ a1Eþ B; ðC:3Þ
q^ðnþHÞDt ¼ qnDt þHðqðnþ1ÞDt  qnDtÞ þ tnDt
þ F1TnDt þ F2 _TnDt þ F3€TnDt ; ðC:4Þ
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matrices given as:
F1 ¼ a0sEþ a1E; ðC:5Þ
F2 ¼ a2sEþ 2E; ðC:6Þ
F3 ¼ 2sEþ a3E; ðC:7Þ
whereby the ghost points are excluded (hence, the corresponding
diagonal elements in F1;F2;F3 are zero).
To obtain the temperatures at time t þHDt the effective stiff-
ness matrix bK is factorized as a product of a lower L and upper U
triangular matrix (bK ¼ LU) and the following equation is solved
in every time step:
y ¼ L1q^ðnþHÞDt ; TðnþHÞDt ¼ U1y: ðC:8Þ
The temperatures and its derivatives are than given as:
€Tðnþ1ÞDt ¼ a4 TðnþHÞDt  TnDt
 
þ a5 _TnDt þ a6€TnDt ; ðC:9Þ
_Tðnþ1ÞDt ¼ _TnDt þ a7 €Tðnþ1ÞDt þ €TnDt
 
; ðC:10Þ
Tðnþ1ÞDt ¼ TnDt þ Dt _TnDt þ a8 €Tðnþ1ÞDt þ 2€TnDt
 
; ðC:11Þ
The last term which has not been treated yet is the thermal feed-
back t. The integration of the heat equation is updated by the ther-
mal feedback in every time step which is calculated from the strain
velocities and strain accelerations (Eq. (C.1)). Although, the calcula-
tion of the strains from the displacements is straightforward using
ﬁnite differences, its ﬁrst and second temporal derivatives must be
extrapolated. They are required at time t þ Dt which cannot be cal-
culated by central differences since the displacements are unknown
at time t þ 2Dt. Here, an approach from the Newmark method is ap-
plied [33, p. 780]:
€ðnþ1ÞDt ¼ 4
Dt2
ðnþ1ÞDt  nDt  4
Dt
_nDt  €nDt; ðC:12Þ
_ðnþ1ÞDt ¼ _nDt þ Dt
2
€ðnþ1ÞDt þ Dt
2
€nDt; ðC:13Þ
where  must be replaced by xx and yy to obtain the components
of the strain velocities and accelerations.
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